Résumé. 2014 Abstract. 2014 The energy spectrum of a tight-binding honeycomb lattice in the presence of a uniform magnetic field is analysed. The graph of the spectrum over a wide range of rational reduced flux 03A6/03A60 through elementary hexagonal cells is plotted. The energy spectrum is found to have recursive properties similar to those discussed previously on the square and triangular lattices. New features of the spectrum are also obtained. Specific properties (gaps, subbands, etc.) are shown to be a direct consequence of frustration and are compared with the spectrum of Bravais lattices. Our results are shown to be relevant for the recent measurements of the upper critical field of a superconducting honeycomb network. A comparison of the structure of the edge of the spectrum on square, triangular and honeycomb lattices is also outlined.
Recently, it has been shown that [1, 2] the magnetic properties of regular superconducting networks are controlled, within the framework of mean field theory, by the so-called Harper's equation [3] . More precisely, the edge of the spectrum of the tight-binding model, in the presence of a magnetic field [4] was identified with the upper critical line of the superconducting networks. This connection has been achieved experimentally [5] by a direct measurement of the critical temperature of a regular two dimensional superconducting network. The observed well-defined structures of the critical line reflect the expected features of this line.
In this paper we propose to investigate the energy spectrum of a tight-binding model on a honeycomb lattice (H) in the presence of a uniform magnetic field.
Our motivations are as follows : a) Up to now, only Bravais lattice have been studied : square (S) lattice [4, 6] and triangular lattice [7] . Previous work has shown that the spectrum have various symmetry properties some of which may be traced to the point group of the lattice. Others, such as recursiveness are general features of the model Hamiltonian used and the difference between rational and irrational numbers [4, 8] . What happens on a nonBravais lattice such as the honeycomb lattice ?
On the other hand, the topological structure of the lattice plays an important role in the band structure, already in zero magnetic field. The occurrence of odd rings in the lattice induces some particular features of the density of states which may be traced to frustration [9] Some time ago, Hofstadter [4] studied the energy spectrum of a single tight binding square lattice. The same study was extended later for the triangular lattice [7] and generalized [6] square lattice structures.
In all these cases, it was shown that the relevant parameter in the band structure is the ratio f = 0/00. For rational /(= p/q), the tight-binding band is split up Figure 5 shows the spectrum obtained in this manner. Broadening of the Landau levels (Fig. 4) increases with f and a fine structure is present between any two rational values of f. On figure 4 are shown the Landau levels calculated in section 3 in the portion of the spectrum (0 , s , 3, 0 f 1/2) shown in figure 5 . These levels near 8=3 and c = 0 are clearly recognizable, their field dependence in the limit of low field matching exactly the results of section 3 (indicated by full lines). Large gaps separate the low index levels, and two major gaps are obtained for 0 f -1/2. A detailed discussion of the nesting hypothesis (recursiveness property) will be found in reference [7] [7] and [17] The sum is over all subbands and the total number of states has been normalized to one. The 5 function can be integrated out by transforming the integral over 02 to an integral over A,, with the aid of equation (4.15) .
In this way, P is treated as a variable, and the remaining integration can be performed in terms of complete elliptic integrals. Using A = E2 -3, one gets where and Here P is the value of the polynomial at A = s2 -3 and K(x) is the complete elliptic integral of the first kind. Within a subband, only this latter factor varies significantly giving a A-shaped logarithmic singularity to the density of states. At subband edges, the density of states drops discontinuously to zero as a gap is encountered. Non-analytic singularities coming from the touchings of neighbouring subbands appear also as in zero field. In addition it is easy to recover the expression of n(s) obtained in section 3 at f = 0. In this case, P(A) = -À, v === ! I s I1/2 and u =F [ e 11/2 coincides with argument k of the elliptic integral given in equation (3.2). 4.4 MEASURE OF THE SPECTRUM. -As a by-product of the previous calculation, we have considered the measure of the spectrum for rational f. Recently, the total measure of the spectrum has been studied [18] for different lattices. In particular, it was suggested that for a given f = p/q the total sum of bandwidths (measure of the spectrum) has the asymptotic form a/q for isotopic square and triangular lattices. Here a denotes a constant of proportionality which asymptotically approaches 9 
